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Abstract A new method was proposed to measure the thermal conductivity of
liquids with infinitesimal samples, which are much smaller than those required in
conventional methods. The method utilizes a micro-beam-type MEMS sensor fabri-
cated across a trench on a silicon substrate. Numerical analysis of heat conduction
within and around a uniformly heated sensor showed that the temperature of a 10 µm
long sensor reached a steady state within approximately 0.1 ms, after the start of heat-
ing. It was also revealed that the average temperature of the sensor at the steady state
was higher in liquids with lower thermal conductivity. These results demonstrate a
new idea of measuring the thermal conductivity of liquids within an extremely short
time at a steady state before the onset of natural convection.

Keywords Measurement technique · MEMS sensor · Numerical analysis · Thermal
conductivity

1 Introduction

The transient hot-wire method has been developed as the most reliable and popular
method to measure the thermal conductivity of gases and liquids [1–5]. These hot-wire
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instruments were designed so that the measured temperature increase in the wire could
be compared with an analytical solution to a radial heat conduction equation. Thin and
long wires, about 10µm in diameter and several hundred millimeters long, were used
to eliminate the effect of the axial temperature distribution in the wire. In addition,
two cells with respective wires of different lengths were employed to compensate the
end effects [4,5]. In contrast, Fujii and co-workers have developed a short-hot-wire
method [6–8], which assumed a heat loss from both ends of a wire to the power termi-
nals. The theoretical increase in the wire temperature was obtained from a numerical
solution to a two-dimensional heat conduction equation. One of the advantages of the
short-hot-wire method is that it requires smaller samples than the transient hot-wire
method; it requires only several tens of milliliters while the latter generally needs more
than 100 ml.

Much less volume is required in a forced Rayleigh scattering method [9,10],
which utilizes irradiation of pulsed high-power laser beams on the sample surface.
This method has another advantages resulting from its contact-free measurement and
extremely short time for measurement. However, it measures only the thermal diffu-
sivity of liquids.

The goal of our study is to develop a method for measuring the thermal conductiv-
ity of fluids with a small volume, 1 µL, for instance, as a target. The method may be
useful for samples that are available only in small quantities, such as those being syn-
thesized on a research basis, biological fluids, and other valuable liquids. We designed
a micro-sensor fabricated on a silicon chip. Although the basic idea of the sensor is
similar to that of the short-hot-wire method, a significant difference in size could result
in a considerable difference in the transient temperature rise. An expected, a quick
increase in the temperature with a micro-sensor might place restrictions on the size of
the sensor for measurements within an acceptable uncertainty due to the limited time
response of measuring instruments. In addition, a theoretical temperature increase
should be obtained by a three-dimensional analysis for heat conduction because sym-
metric geometry cannot be fabricated by silicon technologies. The objective of this
preliminary study was therefore to examine the feasibility of the measurement of ther-
mal transport properties using a MEMS sensor. Based on a numerical analysis for
heat conduction within the sensor and its surroundings, we propose a new method for
measuring the thermal conductivity of liquids.

2 Micro-beam Sensor

Figure 1 shows the design of a “micro-beam sensor” that we propose in the present
work. A thin platinum beam-type sensor is to be fabricated on a substrate to form a
bridge across a trench by etching a platinum film deposited on a silicon substrate. The
typical thickness of the sensor will be scores of nanometers, and its length will be
several micrometers. The sensor is intended to be submerged in a small liquid pool
that is made on the substrate (not shown in Fig. 1). The temperature of the sensor is
recorded after stepwise heating of the sensor by applying a direct electric current.

123



890 Int J Thermophys (2010) 31:888–899

Fig. 1 Schematic of the micro-beam sensor fabricated on a silicon chip

3 Transient Heat Conduction Analysis

3.1 Physical Model

Figure 2 shows the physical model of the sensor shown in Fig. 1. A rectangular beam
sensor of width 2a, thickness 2b, and length 2l is heated uniformly in a liquid sam-
ple. The temperature at the sensor–substrate interface is assumed to remain constant
at the initial temperature due to the large heat capacity of the substrate. Transient
heat conduction equations in the sensor and the surrounding liquid are described in
dimensionless forms:

∂Θs

∂ Fo
=

(
∂2Θs

∂ X2 + ∂2Θs

∂Y 2 + ∂2Θs

∂ Z2

)
+ 1 (1)

∂Θf
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= A

(
∂2Θf

∂ X2 + ∂2Θf

∂Y 2 + ∂2Θf

∂ Z2

)
(2)

Fig. 2 Physical model of the sensor suspended in a liquid for heat conduction analysis
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The initial condition and boundary conditions are

Θs = Θf = 0 at Fo = 0 (3)

and
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= 0 at X = 0 (4)
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Non-dimensional variables are defined as
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b

where T is the temperature (K), q̇v is the heat generation (W · m−3), λ is the thermal
conductivity (W · m−1 · K−1), α is the thermal diffusivity (m2 · s−1), and t is the time
(s). The subscripts s and f stand for the sensor and the fluid, respectively. We solved
these equations for two sensors that have different lengths, L = 100 and 200, but have
the same width W = 10. Taking into account the symmetric geometry, the solution
domain was defined by one-eighth of the whole region, which is shown as a rectangu-
lar block with hatched lines in Fig. 2. The size of the domain in X- and Y-dimensions
was 300 for the sensor of L = 100 and 500 for that of L = 200. We used Eq. 7 as a
boundary condition in the present feasibility study, although a domain larger than L in
the Z-dimension should be defined in the fluid region in the strict sense. A platinum
sensor and water as the test fluid were chosen for the preliminary calculation. Given
parameters were Λ = 0.0129 and A = 0.00862, which were obtained with properties
of platinum film [11]: λs = 47.25 W·m−1 ·K−1 and αs = 1.69×10−5 m2 ·s−1. Numer-
ical solutions were obtained by the finite element method using MSC Marc/Mentat
software on the computing system for research in Kyushu University. The solution
domain was divided into rectangular elements with the size 1.0(X)×1.0(Y )×2.5(Z)

in the sensor and 0.5(X) × 0.5(Y ) × 2.5(Z) in the vicinity of the sensor. The size in
X- and Y-dimensions was increased at X ≥ 15 and Y ≥ 15. The total number of
elements was 91430 for L = 100 and 210880 for L = 200. The error in the heat
balance at the sensor was smaller than 2 %.
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3.2 Results

Figure 3 shows a change in the temperature distribution in the sensor at the center of
the cross section along the Z-axis (X = Y = 0), and Fig. 4 shows that in the fluid
along the Y-axis (X = Z = 0) from the midpoint of the sensor. The temperature in the
sensor approached an arched distribution because the sensor-substrate interface was
kept at the initial temperature. The temperature in the liquid increased with increasing
temperature at the sensor, resulting in the expansion of a thermally affected region in
the liquid. Both figures show that only a small difference was found in the temperature
distribution between Fo = 0.5 × 106 and Fo = 4.0 × 106.

Figure 5 shows the transient temperature rise in the sensor as a function of Fo. The
average temperature as well as the temperature at the center increased abruptly after
the start of heating but stopped increasing at a certain temperature. This is not the case

Fig. 3 Distribution of dimensionless temperature in the sensor along Z-axis

Fig. 4 Distribution of dimensionless temperature in the liquid along Y-axis
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Fig. 5 Change in the dimensionless temperature increase in the sensor

Fig. 6 Change in the dimensionless thickness of thermally affected region in the liquid

in the solution to the one-dimensional radial heat conduction equation, which is used
in the transient hot-wire method; the temperature of an infinitely long wire continues
to increase during heating. The difference results from the boundary condition that the
temperature remains unchanged at both ends. The final temperature was lower at the
shorter sensor, since only the temperature at the middle part of the sensor increased
to become an arched distribution as shown in Fig. 3. The time required to reach the
steady state was also shorter for a shorter sensor.

The thickness of the thermally affected region also increased towards a constant
value as shown in Fig. 6, where the thickness Δth was defined by the distance from
the center to the point on the X- or Y-axis where the temperature rise was 1 % of that
at the center. While the width of the sensor was 10 times larger than the thickness,
Xs = 10, the values of Δth in the X- and Y-dimensions were almost the same as shown
in Fig. 6. The time required to reach the steady state was longer for Δth than the
average temperature of the sensor, suggesting that the temperature in the sensor was
not as sensitive to Δth after the temperature distribution has been almost developed.
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Here, we assume the thickness of the sensor to be 50 nm, taking into account the
fabrication process. The time during which the average temperature of the sensor
increased up to 99 % of the final temperature rise was Fo ≈ 7.9 × 105 for the sensor
of L = 100 and Fo ≈ 3.2 × 106 for that of L = 200. This indicates that the average
temperature of the sensor reaches almost a steady state at 29 µs after heating a 5 µm
long sensor and 116 µs for a sensor of 10 µm length. The measurement of the transient
temperature response, which is necessary in the transient hot-wire method, therefore
requires extremely high time resolution in the measurement instruments, and might
be difficult in practice. However, the results suggest that the steady-state temperature
field that is governed only by heat conduction may be established before natural con-
vection takes place around a sensor. Therefore, we will next examine the feasibility
of measuring the thermal conductivity at the steady state instead of measurements of
the transient temperature response.

4 Steady-State Heat Conduction Analysis for Measuring Thermal Conductivity

4.1 Physical Model

The physical model shown in Fig. 2 was used again for the steady-state analysis.
Equations 1 and 2 were solved with substituting zero for the left-hand side using the
boundary conditions described by Eqs. 4– 10. The solution domain and the grids used
were the same as those for the transient conduction analysis.

4.2 Temperature in the Sensor for Given Thermal Conductivity of Liquids

Figure 7 shows the dimensionless average temperature Θave in the sensor as a function
of the dimensionless thermal conductivity Λ of liquids. The range Λ = 0.001 to 0.2
given in the analysis covers all possible thermal conductivities of liquids at atmo-
spheric pressure and room temperature. Typical values are: 0.0012 for FC-72, 0.0028
for toluene, 0.013 for water, and 0.17 for mercury, for instance. The value of Θave is
higher for smaller Λ as expected. It is significant except for Λ larger than 0.02 where
the temperature rise is negligibly small. This indicates that the thermal conductivity
of liquids, excluding liquid metals, could be determined by measuring the average
temperature rise in the sensor, Tave − T0. Dependence of Θave on Λ is larger for a
longer sensor; Θave at Λ = 0.001 as compared with that at Λ = 0.01 is 4.8 fold for
a sensor of L = 200 and 2.7 fold for that of L = 100. This is because the heat loss
from the sensor to the substrate is larger in a shorter sensor as will be shown in Fig. 9
in the next section. The result suggests that a longer sensor has an advantage for the
measurement.

4.3 Examination for Measurement

The thickness of the thermally affected region Δth was independent of the thermal
conductivity of liquids. It increased in proportion to the length of the sensor as shown
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Fig. 7 Dimensionless average temperature rise in the sensor as a function of the dimensionless thermal
conductivity of liquids

Fig. 8 Effect of the sensor length on the dimensionless thickness of thermally affected region in the liquid

in Fig. 8. The temperature of the liquid increased around the sensor within a distance
that is nearly the same as the length of the sensor, 2l. Therefore we need to prepare
more than a 5 µm deep trench beneath a 5 µm long sensor.

Figure 9 shows the heat loss from the sensor to the substrate compared with the
generated heat as a function of Λ. The heat loss is larger in shorter sensors and liquids
with smaller thermal conductivity. Since the percent heat loss was 83 % in the sensor
of L = 100 in the liquid of Λ = 0.001, a longer sensor should be employed for the
liquid with such a low thermal conductivity.

Figure 10 shows the average temperature rise in the sensor as a function of the elec-
tric current squared, I 2, for water, toluene, and FC-72. The temperature rise increases
in proportion to I 2 because T − T0 (= q̇vb2/λsΘ) is in proportion to the heat gener-
ation per unit volume, q̇v, which is given by
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Fig. 9 Effect of the liquid thermal conductivity on the percent heat loss from the sensor to the substrate

q̇v = I 2 R

abl
(11)

The temperature rise for FC-72 is 5.8 times larger than that for water for which the
thermal conductivity is 10.8 times as large as that of FC-72. The electric resistance R
of the sensor is approximately 170 � in a sensor, 50 nm × 0.5 µm × 10 µm in size,
which was estimated from the electrical resistivity of 0.42 µ� · m [11]. If we assume
that a temperature rise of 3 K is required for the measurement, the applied current
should be 0.23 mA in water and 0.09 mA in FC-72, which yields 39 mV and 15 mV,
respectively, in the voltage drop in the sensor. We are able to measure and control
these magnitudes of the current and the voltage by using ordinary instruments.

The thermal conductivity of test liquids is derived from the measurement of the
temperature rise Tave − T0 using the relation in Fig. 7 expressed as

Λ = f (Θave) (12)

Differentiation of Eq. 12 with the definition of Λ and Θ allows us to estimate the
uncertainty in the measured thermal conductivity from

δλf

λf
=

[(
f ′

f
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)2
{(
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)2

+
(
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)2

+
(

2
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b

)2
}

+
(
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f
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)2 (
δλs

λs

)2
]1/2

(13)

where f ′ is the derivative of f by Θave which is calculated from Eq. 12. The esti-
mated uncertainty was 9.7 % for water, 10.9 % for toluene, and 13.1 % for FC-72.
These were evaluated with the temperature coefficient of platinum film [11] and the
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Fig. 10 Average temperature rise in the sensor as a function of applied current squared

hypothesized accuracy of measurement in the voltage and sizes. The uncertainty in
the thermal conductivity of the platinum sensor was also assumed to be 5 %. This is
the main source of the uncertainty of the thermal conductivity but may be reduced
in practical measurements. In general, prior to the measurement with test fluids, the
electrical and thermal properties of the sensor will be obtained in a vacuum chamber
and some standard liquids with known thermal conductivities. With these calibrations
we are able to eliminate the uncertainty in the thermal conductivity of the sensor, and
reduce the uncertainty to 2.5 % for water, 3.2 % for toluene, and 4.4 % for FC-72.

It is inevitable that the estimated uncertainty in the present method is larger than that
in the transient hot-wire method or the short-hot-wire method. However, the proposed
sensor can be used in a variety of applications. One of the merits of the MEMS sensor
is that multiple sensors with similar properties are fabricated easily. Even if they have
some deviations in the properties, we can determine them by using an apparatus that
is specialized for calibration if the sensor and terminals are mounted on a single chip.
This is not the case in the transient hot-wire method and the short-hot-wire method
where a thin wire is spot-welded to terminals that are mounted on the experimental
setup. The utilization of MEMS sensors might therefore allow us to develop the first
instrument on the market to measure the thermal conductivity of liquids. The sen-
sor may be also used in instruments such as chromatographs or for the purpose of
quality control of products in industrial processes via measurements of the thermal
conductivity.

5 Conclusions

We have proposed a MEMS sensor to demonstrate that the sensor is useful for mea-
suring the thermal conductivity of liquids by a new method. A “micro-beam sensor”
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was proposed to be fabricated across a trench created on a silicon substrate. We found
by numerical analysis of transient heat conduction in the sensor and the surrounding
liquid that the temperature in the sensor approached a steady state quickly after the
start of heating. For instance, a sensor 50 nm thick and 10 µm long reaches a steady
state within approximately 100 µs. The numerical analysis also confirmed that the
average temperature at the steady state depended significantly on the thermal con-
ductivity of the surrounding liquid. The unique feature of the temperature rise of the
proposed micro-beam sensor allows us to develop a technique for deriving the ther-
mal conductivity of liquids from the measurement of the temperature at the steady
state. Results from the present work also gave some important criteria for fabrication
of the sensor. The depth of the trench should be longer than the length of the sen-
sor if a thermally affected region is not allowed to reach the bottom. The length of
the sensor should be determined from the range of thermal conductivity to be mea-
sured by taking into account the percent heat loss from the sensor–substrate interface.
The uncertainty of the thermal conductivity measured by the proposed method with
a 50 nm × 0.5 µm × 10 µm sensor was estimated to be 2.5 % for water, 3.2 % for
toluene, and 4.4 % for FC-72.

The next step of our study will be to demonstrate the measurement of the thermal
conductivity of small liquid samples by using the micro-beam sensor, which was pro-
posed only by numerical simulation in the present work. We do know that the beam
sensor that has an ideal rectangular shape, which we assumed in the present paper, is
difficult to fabricate. The top view of the sensor may become the shape of the letter
“I” because the substrate near the root of the sensor is also eroded by the wet etching
process. It is also difficult to make a deep trench under the sensor. However, once a sen-
sor is fabricated and observed by using a scanning electron microscope, for instance,
numerical analysis can be performed for the system for the given configurations and
dimensions. The principle and fundamental knowledge obtained in the present study
will work for a practical sensor that has a shape more or less different from the present
study.

We also have some other problems to overcome. At this moment, we have no idea
about the strength of such a small sensor. Electrical insulation will be needed for
measuring conductive liquids. There might be some other problems that are unique to
MEMS sensors. Although the problems to be solved remain, we believe that the pres-
ent work is valuable in that it exhibited a new way to measure the thermal conductivity
of liquids.
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